Abstract: The authors consider migration based synthetic aperture radar (SAR) imaging of surface or shallowly buried objects using both down-looking and forward-looking ground penetrating radar (GPR). The well known migration approaches devised to image the interior of the Earth are based on wave equations and have been widely and successfully used in seismic signal processing for oil exploration for decades. They have the potential to image underground objects buried in complicated propagation media. Compared to ray-tracing based SAR imaging methods, migration based SAR imaging approaches are more suited to imaging underground objects owing to their simple and direct treatment of oblique incidence at the air -ground interface and propagation velocity variation in the soil. The authors apply the phase-shift migration approach to both constantoffset and common-shot experimental data collected by PSI GPR systems. They address the spatial aliasing problems related to the application of migration to the GPR data and the spatial zeropadding approach to circumvent the problem successfully.
Introduction
Migration is a family of imaging techniques originated from seismic imaging [1] . These imaging techniques are useful for improving the spatial resolution and increasing the signal-to-noise ratio of the survey. The goal of migration is to refocus the reflection signatures in the recorded data back to the true positions and, hopefully, physical shape of the target.
Conventional synthetic aperture radar (SAR) imaging techniques, such as the delay-and-sum (DAS) approach [2] , also achieve image refocusing by coherent summation of the backscattered data after proper phase compensation. For farfield narrowband data, conventional SAR processing is identical to migration [3] . However, most migration algorithms differ from conventional SAR processing because migration algorithms are wave-equation-based, while conventional SAR algorithms have no direct link to the wave equation [4] . Applications of migration for spaceborne=airborne radar imaging were pioneered by Rocca et al. Detailed discussions on this topic can be found in the literature [3, [5] [6] [7] .
The use of migration for GPR imaging has become an active topic in recent years. Most discussions are based on down-looking GPR systems [8 -13] , which place the GPR antennas vertically above the ground with a certain elevation. The advantage of migration for down-looking GPR imaging is its high computational efficiency. It avoids the time-consuming ray-tracing processing needed by DAS, and reconstructs images iteratively using the fast Fourier transform (FFT). Although migration was successfully implemented in the past for down-looking GPR systems, the spatial aliasing problem was not fully addressed. Fortunately, the problem is not severe for down-looking systems. Migration algorithms can also be applied to forward-looking GPR systems. Such a system illuminates a large area in front of the vehicle and has the advantage of long standoff distance over its down-looking counterpart. Spatial aliasing can be a serious problem for forwardlooking systems and must be circumvented.
In this paper, a particular kind of migration, referred to as 'phase-shift migration' [14] is discussed and applied to GPR imaging. To simplify the discussion, propagation loss is ignored. Data used in this paper are collected by the downlooking and forward-looking systems developed Planning Systems Inc. (by PSI).
Phase-shift migration
Phase-shift migration was first proposed by Gazdag in 1978 [14] for wavenumber migration, which can be used to refocus seismic=radar images iteratively.
An EM field, u(x, z, t), can be described by the following scalar wave equation:
where x is the coordinate in the aperture dimension (either synthetic or real), z is the coordinate in the range dimension, t is the time, and c is the EM wave velocity in the medium. Note that depending on the configuration of the GPR systems, the x-axis can be either along-track or cross-track, and the z-axis can be either depth or along-track. Herein, the y-axis is ignored since we discuss only 2-D imaging. Taking a three-dimensional Fourier transform over the coordinates yields
where k x and k z are the x-and z-direction components of the wavenumber vector, respectively. Since Uðk x ; k z ; oÞ 6 ¼ 0; we must have
where k is the magnitude of the wavenumber vector k. Equation (3) is known as the dispersion relation for 2-D wave equations with constant wave velocity. Now consider a 2-D Fourier transform of (1) over x and t. Also using the dispersion relation, the resulting frequencywavenumber domain equation is
In radar applications, we only consider the wave propagating from the surveyed area to the receive antennas, i.e. negative direction of the z-axis. Hence, (4) is reduced to @ @z Uðk x ; z; oÞ ¼ Àjk z Uðk x ; z; oÞ ð 5Þ
The solution to (5) has the form:
This shows that extrapolation along the z-axis in the frequency -wavenumber domain is a phase-shift operation. By recursively extrapolating the wave field along the z-axis in steps Dz and using the result of each step as input to the next iteration, the frequency -wavenumber domain distribution of the field can be reconstructed. The procedure for the 2-D phase-shift migration approach is:
Step 1. Fourier transform the data over x and t
For stepped frequency systems, Fourier transform is only needed over x
When x is sampled at discrete locations, the discrete-time Fourier transform (DTFT) should be used instead. However, in practice, FFT is used for computational efficiency. Its impact on the reconstructed image will be discussed in Section 4.
Step 2. Compute the field at a new depth z 1 ¼ z 0 þ Dz by the phase-shift operation. For common-offset cases (bistatic in radar terminology) where transmit and receive antennas work in pairs and have a constant offset during data acquisition,
For common-shot cases (multistatic in radar terminology) where one transmit antenna works with an array of receive antennas,
Step 3. Inverse Fourier transform the wavenumber data over k x and o; and set t ¼ t; where t is called the imaging condition. For the common-offset cases, t ¼ 0: For the common-shot cases, t is the propagation delay between the transmit antenna and the focal point. Hence, t is a function of the focal point location ðx; z 1 Þ and can be written as tðx; z 1 Þ:
Note the integration over o; which, for GPRs, is the operating frequency band of the systems. Hence, phase-shift migration is a 'full-band' imaging method.
Step 4. Repeat steps 2 and 3 for every depth z mþ1 ¼ z m þ Dz; where m ¼ 0; 1; . . . ; M À 1: Note that, for down-looking systems, phase-shift migration can also easily handle velocity variation in the z-direction by making c a function of z and assuming constant cðz m Þ inside each Dz interval. For forward-looking systems, the imaging area is on the surface of the ground. Hence, the propagation medium is homogeneous and the propagation velocity c is constant for all z m :
Comparison of phase-shift migration and DAS
A diagram of DAS is shown in Fig. 1a for a common-offset case. The idea of DAS is to sum all data coherently at one focal point in the ground at a time and repeat for all points of interest. The relevant equation is
Uðx n ; z ¼ 0; o p Þ exp½ jo p t n ðx; zÞ ð12Þ where u DAS ðx; zÞ is the DAS refocused image, N is the size of the synthetic aperture, Uðx n ; z ¼ 0; o p Þ is the data recorded at position x n and frequency o p ; and t n ðx; zÞ is the travel time from the transmitter to the focal point and back to the receiver:
where c a and c g are the propagation velocities in the air and soil, respectively; R a;t and R a;r are the distances from the two refraction points on the ground surface to the transmitter and receiver, respectively; R g;t and R g;r are the distances from the focal point to the two refraction points on the surface, respectively. As shown in (13) and Fig. 1b , to obtain t n ðx; zÞ; DAS needs to determine refraction points on the ground. The process requires solving two fourth-order equations, which is time consuming (see the Appendix). Since the location of the refraction point changes with the location of focal point and antenna position, the process must be repeated for every focal point and every antenna pairs. Furthermore, the computational complexity will increase drastically when multilayer ground structure is involved.
Phase-shift migration is more efficient in refocusing GPR images for common-offset cases for the following reasons. First, phase-shift migration does not need to determine any refraction points. The non-homogeneity of the medium is reflected in the variation of c(z). Hence, only the phase-shift term in step 2 needs updating. Moreover, given c(z), the phase-shift term for different media can be computed offline. Hence, the update only needs a lookup table. Second, step 4 of phase-shift migration shows that the radar image is reconstructed iteratively. The result of each step in the z-direction is used as input to the next step. Third, FFT can be used in steps 1 and 3, which further increases the efficiency. For common-shot systems, the situation is more complicated and migration may not be faster than DAS. Now, let us compare DAS and phase-shift migration theoretically. For the sake of analysis simplicity, our discussion is based on common-offset data acquisition in a homogeneous medium. Also, we modify DAS to its continuous form:
where u DAS ðx; z ¼ DzÞ is the DAS image at z ¼ Dz:
For the sake of notational simplicity, define Dx
Integrating the steps of phase-shift migration, i.e. (8) (9) and (11) yields
where u PSM ðx; z ¼ Dz; t ¼ 0Þ is the phase-shift migration image at z ¼ Dz: The integration with respect to k x in (15) is
This integration has the form,
For a ! 1; the integral can be approximated using the 'method of stationary phase' [15, 16] :
where v 0 is a stationary point of g(v) defined by g 0 ðv 0 Þ ¼ 0; and m ¼ signðg 00 ðv 0 ÞÞ: In (16), we have,
and
For c=o ( Dz; we get a ) 1; and (16) can be asymptotically evaluated by (18) . The stationary point is given by
Hence,
Furthermore, when Dz ) D x; we get Dz % R; and
Equation (15) is approximated as
Note that WðR; oÞ is a function of both space and frequency.
Comparing (27) and (14), we see that phase-shift migration can be seen as weighted DAS in space and frequency when the imaging area is far away from the antenna array.
Spatial aliasing in GPR imaging
Due to the data acquisition configuration, spatial aliasing occurs when phase-shift migration is used on the original data recorded by GPR systems. If not mitigated, it can cause severe performance degradation in the refocused images. Based on the PSI GPR systems, we will discuss the spatial aliasing problem in this section. After analysing the cause of spatial aliasing, spatial zero-padding is proposed to mitigate the problem. Although our discussions are based on the PSI GPR systems, they can be extended to other GPR systems using similar data acquisition configurations.
PSI GPR systems
To detect buried landmines in clutter, PSI has developed down-looking and forward-looking GPR systems referred to as GPSAR3 and FLGPR, respectively, for the US Army RDECOM CERDEC Night Vision and Electronic Sensors Directorate. Both systems are ultra-wideband (UWB) stepped frequency systems. They are currently configured for anti-tank mine detection and have been tested on practical mine lanes. A photograph of the GPSAR3 system [17] is shown in Fig. 2 . It operates over the frequency band 0.766 to 2.726 GHz. Two independent antenna banks (referred to as back and front), each containing 15 transmit (Tx) and 15 receive (Rx) antennas, are used to acquire data at 58 Tx=Rx pair locations, each separated by 0.0746 m. The Tx=Rx separation is the same for all 58 channels, which forms a common-offset data collection system. Experimental data were collected every 0.04 m in the along-track dimension (i.e. the direction the cart moves). Using the synthetic aperture in along-track and the 58 channels in cross-track (the antenna bank direction), GPSAR3 images buried objects in three dimensions. For GPSAR3, the x-and z-directions correspond to cross-track and depth directions, respectively. The two-layer model, i.e. air and ground, is used to model the propagation medium.
Like other forward-looking systems, the PSI FLGPR system (Fig. 3a has the GPR antennas mounted on the front of a vehicle and samples the EM field at equally space positions (0.1 m) as the vehicle moves forward in the alongtrack direction. The beamwidth of the transmitting and receiving antennas is large enough so that its footprint covers an area of at least 4 m in cross-track on the ground at 4 m away from the vehicle (Fig. 3b) . Refocusing techniques, such as DAS and migration, are used to reconstruct twodimensional images on the ground surface. The system operates over the frequency band 0.766 to 2.166 GHz. Transmit antennas, elevated about 2.5 m above the ground, and two receive antenna banks, each containing 15 antennas elevated at 1.9 m and 2.05 m above the ground, are used to acquire stepped frequency data at 30 cross-track spatial sampling locations, each separated by 0.075 m. Altogether, the 2.175 m long antenna array serves as the data acquisition array for the system. Within each data collection, all receive antennas work sequentially with the transmit antenna array to record data and the vehicle is considered motionless during the process, which forms a common-shot data collection system. For FLGPR, the x-and z-direction correspond to cross-track and along-track directions, respectively. The propagation medium in FLGPR imaging is homogeneous, i.e. air only.
Spatial aliasing
The idea of phase-shift migration is to refocus the image in the wavenumber -frequency domain, and use inverse Fourier transform to obtain the space -time domain image. In Section 3, the phase-shift migration algorithm is presented based on continuously recording data in both space (the xdirection) and time. In practice, however, one can only record discrete data in both space and time. Hence, the data recorded is uðx n ; z ¼ 0; t i Þ; and for stepped-frequency systems, Uðx n ; z ¼ 0; o p Þ; where n ¼ 1; . . . ; N; i ¼ 1; . . . ; I; and p ¼ 1; . . . ; P: Therefore, instead of a continuous Fourier transform, the discrete Fourier transform (DFT), or FFT, is used to also avoid the integration in (11) . To correctly represent the EM field at z ¼ 0 in the k x À o domain, the x À t domain sampling rate should be greater than the Nyquist rate to prevent k x À o domain aliasing. This is guaranteed by the data acquisition configuration of the GPR system. On the other hand, the final step of phaseshift migration requires an inverse Fourier transform from the k x domain to the x domain. Hence, the sampling rate in the k x domain should also be sufficient to prevent spatial aliasing in the x domain. Figure 4 shows the geometry of the antenna array, the illuminated area, and the imaging (survey) area for GPSAR3 and FLGPR, where N is the number of antennas in the array, Dx is the separation between antennas, and y is the angle between the antenna array and the boundary of the illuminated area. To simplify the discussion, the illuminated area is approximated as a fan-shaped area. GPSAR3 images a single row of focal points beneath the centre of the antenna array. FLGPR is configured to image a survey area wider than the data acquisition array (Fig. 3) . The horizontal length of the illuminated area increases with its distance to the antenna array due to the antenna beamwidth. Only the EM field inside the illuminated area can have a non-zero magnitude, i.e.
where ðN þ 2L x ðzÞÞD x is the length of the illuminated area in the x-direction, and L x ðzÞ increases with z. Let us consider the wave field at z ¼ Dz;
where 2LDx is the expanded length of the illuminated area in the x-direction. Its discrete representation is
It can be shown that, using FFT and the original data in phase-shift migration, the reconstructed wave fieldŨ U½n; z ¼ Dz; o p is
Hence, the refocused image at z ¼ Dz using DFT is equivalent to replicating U½n; z ¼ Dz; o p with a period of N. Detailed discussion about DFT and its aliasing effect can be found in Chapter 4 of [18] . As mentioned before, U½n; z ¼ Dz; o p is a finite length sequence over n with non-zero values at n ¼ ÀL; . . . ; N þ L: Hence, inŨ U½n; z ¼ Dz; o p ; spatial aliasing occurs at n ¼ ÀL; . . . ; L and n ¼ N À L; . . . ; N þ L: Moreover, as the phase-shift migration iterates down the z direction, L becomes larger. The spatial aliasing region expands and eventually overlaps with the imaging area of both downlooking and forward-looking systems (Fig. 5) . As a result, spatial aliasing occurs in the reconstructed image.
To avoid spatial aliasing in the x-direction, the length of the data acquisition array should be enlarged, which is not possible in this application. Hence, zero-padding is performed on the recorded data in the x-direction:
where N x is the predetermined zero-padding length, and U U ðx n ; z ¼ 0; o p Þ is the data after zero-padding. Zero-padding is applicable since given the time=space sampling rate greater than the Nyquist rate, zero-padding does not change the spectrum of the signal but only increases the frequency=wavenumber domain sampling rate. Intuitively, the process is equivalent to recording the data by an array with N x antennas. Reflections can only occur inside the fan-shaped area shown in Fig. 4 . Antennas other than the first N cannot illuminate the area, and hence record zeros in the data.
With zero-padding, UðÁ; Á; ÁÞ; U½Á; Á; Á; and N in (31) -(32) are substituted by U UðÁ; Á; ÁÞ; U U½Á; Á; Á; and N x ; respectively. Hence, the phase-shift migration is able to provide an aliasing-free spatial distance of N x Dx in the x-direction. The spatial aliasing area will become smaller and smaller as N x increases. Figure 6 shows the case where spatial aliasing in the imaging area is just avoided. Avoiding spatial aliasing in the imaging area requires
where N x;min is the minimum number of zero-padding. Note that spatial aliasing is caused by the use of FFT in the imaging processing. Hence, the aliasing effect is not only related to phase-shift migration, but related to all image reconstruction algorithms using FFT. Therefore, for those algorithms, similar zero-padding methods should be used.
The only problem left now is to determine the value of N x;min ; or the number of zero-padding in the x-direction. Theoretically, it is related to the beam pattern of the antennas. If the beam pattern is known, the value of y defined in Fig. 4 can easily be obtained. Hence, the value of N x;min is determined by
where W x is the width of the imaging area in the x-direction, z is the position of the imaging area in the z-axis, and dÁe is the ceiling operator. However, in GPSAR3 and FLGPR imaging, the beam pattern is unknown. Hence, N x;min can be empirically determined by evaluating the resulting images using different values of N x : Zero-padding avoids the spatial aliasing problem by sacrificing the computational efficiency of phase-shift migration. Hence, in practice, the length of zero-padding should be selected to be as close to N x;min as possible. Furthermore, N x;min of the down-looking system is smaller than that of the forward-looking system for the following reasons: First, W x is smaller in the down-looking system (Fig. 4) ; and secondly, the refractions at the ground surface narrow the beamwidth of the antennas, which equivalently increases y: Therefore, phase-shift migration is more efficient for the down-looking system than for the forward-looking system.
Figures 7 and 8 show images refocused by phase-shift migration using various zero-padding lengths N x in the x-direction on data recorded by GPSAR3 and FLGPR, respectively. In Fig. 7 , one mine is located at (2.24, 0.25) m. In Fig. 8 , two mines are located at (3.5, 1) m and ð5:5; À0:5Þ m: Without zero-padding, the target images are distorted due to spatial aliasing, especially for FLGPR. The imaging areas of Figs. 7a and 8a correspond to the 
Results on measured data
We have used phase-shift migration for SAR imaging for the PSI GPSAR3 and FLGPR systems. The data were collected in a real landmine test site (covering an area of 462 m 2 ). Targets (metal and plastic mines) were buried at 0-0.15 m in depth.
Results of GPSAR3 data processing
The data considered were collected by GPSAR3 in a test lane with ten landmines (three metal and seven plastic).
Owing to the large beamwidth of the GPR antennas, targets are smeared into hyperbolas in radar images. For better visualisation of the hyperbolas the real part of the complex radar image is shown in Fig. 9 . Figure 9a shows the B-scan radar image (depth against along-track) of a mine buried at depth 0.05 m. The hyperbolas are clearly identifiable, which shows the necessity for image refocusing. Hence, phase-shift migration with a synthetic array in the along-track direction is applied to the data. The synthetic array consists of five consecutive alongtrack scans. The refocused image is shown in Fig. 9b . The hyperbolas disappear after phase-shift migration.
Most image refocusing methods, including phase-shift migration, are capable of increasing the resolution and SNR of radar images. For GPSAR3, improvement of image resolution is limited because of the limited size of the synthetic aperture (normally with a length of five). Figure 10 shows the C-scan (cross-track against along-track) of an area containing one mine located at (2, 0.4) m. Note that the SNR increases significantly after phase-shift migration, which should improve the mine detection performance (see later on).
A simple energy-based detector is used to examine the benefit of image refocusing. The detector first thresholds the three-dimensional radar image (depth Â along-track Â cross-track) by magnitude, and then projects the image to two dimension (along-track Â cross-track) by summing the energy over depth. The two-dimensional energy image is then tested with various thresholds, yielding the receiver operator characteristic (ROC) curve shown in Fig. 11 . With phase-shift migration, the false-alarm rate (FAR) is reduced from more than 0:011=m 2 to less than 0:009=m 2 at 0.9 probability of detection (Pd). (One small plastic mine cannot be detected at a false alarm rate lower than 0.014.) Using traditional DAS yields the same detection performance as phase-shift migration. However, with all same parameters (i.e. frequency steps, size of aperture, number of focal points, etc.), phase-shift migration refocuses the radar image more than seven times faster than DAS.
Results of FLGPR data processing
Data used for refocusing contain twelve metal mines. Image refocusing is conducted in both cross-track and along-track to form the images shown in Fig. 12 . A Taylor window is used for shading in both space (x-coordinate or cross-track) and frequency. Details of the Taylor window can be found in Chapter 3 of [2] . In cross-track, either DAS (Fig. 12a) or phase-shift migration (Fig. 12b) is used, and in along-track, non-coherent summation, i.e. summation of magnitude only, is used. The targets are located at (13, 2.5) m, (15, 1) m, ð17; À0:5Þ m; (19, 2.5) m, (21, 1) m, ð23; À0:5Þ m; (25, 2.5) m, (27, 1) m, ð29; À0:5Þ m; (31, 2.5) m, (33, 1) m, and ð35; À0:5Þ m: For FLGPR, phase-shift migration is slower than DAS due to the common-shot scheme and large zeropadding needed to avoid spatial aliasing. Note that phase-shift migration yields better clutter suppression than DAS on both the upper and lower portions of the image (vertical coordinate less than 0 or greater than 2), but is worse in the middle (vertical coordinate greater than 0 and less than 2). 
Conclusions
We have discussed the application of phase-shift migration to image refocusing in GPR land-mine detection. Owing to its accuracy and efficiency, the method can be superior to traditional ray-tracing methods, such as DAS. Theoretical analysis shows that, under certain conditions, phase-shift migration can be seen as weighted DAS in space and frequency. However, the direct implementation of phaseshift migration on GPR data can cause spatial aliasing in the reconstructed image. Zero-padding in space is used to mitigate the problem at the cost of lower computational efficiency. Phase-shift migration has been implemented efficiently for the PSI GPSAR3 down-looking system, giving a seven times speed improvement over DAS. Phaseshift migration increases the SNR of the radar images and improves the detection performance. For the PSI FLGPR forward-looking system, the computational efficiency is lower than that of DAS due to the common-shot scheme of FLGPR and the large amount of zero-padding required. However, compared with DAS, phase-shift migration obtains higher quality images in specific areas of the image.
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